A bounded linear operator T on a Hilbert space H, satisfying T 2 h 2 h 2 ≥ 2 Th 2 for every h ∈ H, is called a convex operator. In this paper, we give necessary and sufficient conditions under which a convex composition operator on a large class of weighted Hardy spaces is an isometry. Also, we discuss convexity of multiplication operators.
Introduction and Preliminaries
We denote by B H the space of all bounded linear operators on a Hilbert space H. An operator T ∈ B H is said to be convex, if 
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Let ϕ be an analytic map of the open unit disc D into itself, and define C ϕ f f • ϕ whenever f is analytic on D. The function ϕ is called the symbol of the composition operator. For a positive integer n, the nth iterate of ϕ, denoted by ϕ n , is the function obtained by composing ϕ with itself n times; also ϕ 0 is defined to be the identity function. Denote the reproducing kernel at z ∈ D, for the space Herein, we are interested in studying the convexity of composition and multiplication operators acting on a weighted Hardy space H 2 β . First, we give some preliminary facts on convex operators. Next, we will offer necessary and sufficient conditions under which a convex composition operator may be isometry on a large class of weighted Hardy spaces containing Hardy, Bergman, and Dirichlet spaces. We also discuss on convexity of the adjoint of a composition operator. Finally, we will obtain similar results for multiplication operators and their adjoints. For a good reference on isometric multiplication operators the reader can see 3 .
Throughout this paper, T is assumed to be a bounded linear operator on a Hilbert space H. It is easy to see that for every convex operator T , the sequence T * n Δ T T n n forms an increasing sequence. We use this fact to prove the following theorem.
Theorem 1.1. If T is a convex operator then so is every nonnegative integer power of T .
Proof. We argue by using mathematical induction. The convexity of T implies that the result holds for k 1. Suppose that T *
So the result holds for k n 1.
Proposition 1.2. If T is a convex operator, then for every nonnegative integer n,
Proof. We give the assertion by using mathematical induction on n. The result is clearly true for n 1. Suppose that T * n T n ≥ nΔ T I. Thus,
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Proposition 1.3. Let T ∈ B H be a convex operator and let
Proof. By applying Proposition 1.2, we observe that for every nonnegative integer n,
Letting n → ∞, the positivity of Δ T implies that Δ T h 0; hence, Th h . 
Composition Operators
Our purpose in this section is to discuss on convex composition operators on a weighted Hardy space. Recall that an operator T in B H is an isometry, if Δ T 0. At first, we give an example of a nonisometric composition operator T on a weighted Hardy space such that
Example 2.1. Consider the weighted Hardy space H 2 β with weight sequence β n n given by β n n 1.
It is easily seen that C ϕ H 2 β ⊆ H 2 β , and an application of the closed graph theorem shows that C ϕ is bounded. Now, a simple calculation shows that
for all k ≥ 0; besides
which is positive for all k ≥ 1, and zero whenever k 0. It follows that C * ϕ Δ ϕ C ϕ ≥ Δ ϕ ≥ 0, but C ϕ is not an isometry.
Proposition 2.2. Suppose that T : H
2 β → H 2 β is a convex operator satisfying T 1 1 and
is a nontrivial invariant subspace of T .
Proof. Clearly M is a nontrivial closed subspace of T . To show that M is invariant for T , apply Proposition 1.4 for the Hilbert space H H 2 β , the orthonormal basis {e n } n given by e n z n /β n , i 0 and α 0 1. 
where dA z is the normalized Lebesgue area measure on
Also, {z k } k forms an orthogonal basis for A 2 D . Fix nonnegative integers k and n, and observe that
Thus, Proposition 1.3 implies that C * ϕ Δ ϕ C ϕ ≥ Δ ϕ ≥ 0 if and only if C ϕ is an isometry. In this case, taking T C ϕ and f z z in Proposition 2.2, we conclude that ϕ 0 0; thus, the Schwarz lemma implies that |ϕ z | ≤ |z| for all z ∈ D. On the other hand, if f z z then
and so |ϕ z | |z| almost everywhere with respect to the area measure. Hence, ϕ z e iθ z for some θ ∈ 0, 2π . 
If ϕ is a univalent self-map of D, then C ϕ is bounded on D 2, page 18 . Also, the area formula 1, page 36 , shows that
where n ϕ z is, as usual, the counting function defined as the cardinality of the set {w ∈ D : ϕ w z}.
In the next theorem, we characterize all convex composition operators C ϕ on D satisfying Δ ϕ ≥ 0. Note that we cannot use Proposition 1.3 for the Dirichlet space, thanks to the fact that in general the positive powers of C ϕ are not uniformly bounded on the z i 's. Proof. One implication is clear. Suppose that Δ ϕ is a positive operator, and take T C ϕ in Proposition 2.2. Since the identity function is in the subspace M {f ∈ D : f 0 0}, we conclude that ϕ 0 0. Thus, in light of 2.9 , to show that C ϕ is an isometry it is sufficient to prove that
Let f be any function in the Dirichlet space D. Then
By summing up these two relations we get D f z 2 n ϕ 2 − n ϕ z dA z ≥ 0.
2.13
But n ϕ 2 z ≤ n ϕ z , and so D f z 2 n ϕ 2 − n ϕ z dA z 0, ∀f ∈ D.
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This, in turn, implies that n ϕ 2 z n ϕ z almost everywhere. Substituting this in 2.11 , and then considering 2.12 the assertion will be completed.
Observe that if ϕ 0 0, n ϕ 2 − 2n ϕ 1 ≥ 0 almost everywhere, and C ϕ is bounded on D then it is convex. Indeed,
In the next theorem, we turn to the adjoint of a composition operator and give necessary and sufficient conditions under which a convex operator C * ϕ is an isometry. Proof. Suppose that Δ C
